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A NOTE ON A CONJECTURE BY ULAS ON
POLYNOMIAL SUBSTITUTIONS
PETER MU¨LLER
Abstract. We prove a recent conjecture by Ulas on reducible polyno-
mial substitutions.
We prove the following result, which was conjectured by Ulas in [2] and
proven for d ≤ 4 there.
Theorem. Let f(X) be an irreducible polynomial of degree d ≥ 3 over a
field K. Then there is a polynomial h(X) ∈ K[X] of degree ≤ d − 1 such
that f(h(X)) is reducible over K.
Proof. Let α be a root of f(X) in some extension of K, and g(X) be the
minimal polynomial of 1
α
over K. (So g(X) is, up to a non-zero factor from
K, the reciprocal of f(X).) Since K( 1
α
) = K(α), and 1
α
has degree d over
K, we have α = h( 1
α
) for some h(X) ∈ K[X] of degree at most d− 1.
We obtain f(h( 1
α
)) = f(α) = 0. So f(h(X)) shares the root 1
α
with the
irreducible polynomial g(X), thus g(X) divides f(h(X)). The degree of h
is at least 2, for otherwise α would have degree at most 2 over K, contrary
to d ≥ 3.
The assertion now follows from deg f(h(X)) ≥ 2d and deg g(X) = d. 
Remark. (a) Of course one can formulate the proof without reference to
the algebraic element α. Suppose without loss that f(X) is monic. Set
g(X) = Xdf(1/X) and h(X) = (1− g(X))/X. Then h(X) is a polynomial,
and g(X) divides f(h(X)). This example is similar to the one by Schinzel
in [1, Lemma 10], which, as pointed out by Ulas [2, page 59], proves the
theorem provided that d− 1 does not divide the characteristic of K.
(b) The answer to [2, Question 5.5], a kind of converse to the above
theorem, is negative if K = R by lack of irreducible polynomials of degree
≥ 3.
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